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A variety of molecular-graph-based structure-descriptors were proposed, in particular the Wiener
index W , the largest graph eigenvalue �1, the connectivity index �, the graph energy E and the
Hosoya index Z, capable of measuring the branching of the carbon-atom skeleton of organic
compounds, and therefore suitable for describing several of their physico-chemical properties. We
now determine the structure of the chemical trees (= the graph representation of acyclic saturated
hydrocarbons) that are extremal with respect to W , �1, E, and Z, whereas the analogous problem
for � was solved earlier. Among chemical trees with 5, 6, 7, and 3k + 2 vertices, k = 2; 3; : : :, one
and the same tree has maximum �1 and minimum W , E, Z. Among chemical trees with 3k and
3k + 1 vertices, k = 3; 4; : : :, one tree has minimum W and maximum �1 and another minimum E
and Z.
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Introduction

A general problem of theoretical organic chemistry
is to establish the mathematical basis for the con-
nections between molecular structures and physico-
chemical properties of chemical compounds [1 - 4].
In order to achieve this goal, a remarkably large num-
ber of so-called structure-descriptors or “topological
indices” has been put forward [5, 6]. Several among
them measure the extent of branching of the carbon-
atom skeleton, a feature related to the molecular sur-
face area [7]. The molecular surface area significantly
influences those physico-chemical properties of non-
polar organic molecules (such as alkanes) that are
primarily caused by van der Waals intermolecular at-
traction.

A topological index (TI) acceptable as a measure
of branching must satisfy the inequalities

TI(Pn) > TI(Xn) > TI(Sn); n = 5; 6; : : : (1)

or

TI(Pn) < TI(Xn) < TI(Sn); ;n = 5; 6; : : : (2)
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where Pn and Sn are the n-vertex path graph and
star, respectively, and Xn is any n-vertex tree, differ-
ent from Pn and Sn. (It is also necessary that small
changes in the structure of Xn cause small changes
in the value of TI(Xn), a condition which is satisfied
by all topological indices considered in this work.)
Although no precise definition of “branching” exists,
it is obvious that among n-vertex trees Pn is the least
branched and Sn the most branched species.

The relations (1) were shown to be obeyed by the
Wiener indexW [8], the connectivity index� [9, 10],
the graph energy E [11] and the Hosoya index Z

[11]; relations (2) are obeyed by the largest graph
eigenvalue �1 [12].

The Wiener index is defined as [6, 13]

W = W (G) =
X

u<v

d(u; vjG);

where d(u; vjG) is the distance between the vertices
u and v of the molecular graph G and the summation
goes over all pairs of vertices. The connectivity index
is [6, 14]

� = �(G) =
X

u;v

(�u �v)�0:5;








